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MAJOR SUBSETS OF a -RECURSIVELY 
E N U M E R A B L E  SETS 

BY 

C. T. CHONG 

ABSTRACT 

Let s2cf(a), s2p(a) and ts2p(a) denote the E2-cofinality, E2-projectum and the 
tame E2-projectum of an admissible ordinal a. We show that if s2cf(a) <: s2p(a), 
then no a-recursively enumerable set (a-r.e.) with complement of order type 
less than ts2p(a) can have a major subset. As a corollary, if s2cf(a)<: s2p(a), 
then no hyperhypersimple a-r.e, set can have a major subset. 

Let ~ ( a )  denote  the lattice of a- r .e ,  sets ordered by inclusion C_. A set K is 

said to be a*-finite if it is a-finite and of order  type less than a* ,  the 

El-projectum of a. If A and B are in ~ ( a ) ,  then we write A = *B if their 

symmetric  difference is a *-finite. Let ~* ( a )  denote  the lattice ~ ( a )  modulo the 

a*-finite sets. It has been found (Lerman [3], Chong and Lerman [1]) that the 

structure of ~ * ( a )  is more uniform for certain admissible ordinals a > to. Thus if 

a = ~ ,  then there are no maximal a-r .e ,  sets nor hyperhypersimple a- r .e ,  sets, 

whereas if a = N~, there are again no maximal a-r .e ,  sets while the class of 

hyperhypersimple a- r .e ,  sets, though nonempty,  admits a neat characterization 

through order types of the complements  of sets in ~ ( a ) .  It is hoped that these 

nice propert ies  will point a way towards establishing the decidability of the 

e lementary theory of ~ ( a )  (hence of ~ '*(a) ,  cf. Lerman [5]) and classifying those 

simple a- r .e ,  sets which form orbits (A and B in ~ * ( a )  are in the same orbit if 

there exists an automorphism qb of ~ * ( a )  such that ~ ( A ) =  B). 

The work on this paper  was inspired by the at tempt to study the relationship 

between major  subsets of hyperhypersimple a-r .e ,  sets and their orbits. Recall 

that (cf. Lerman [4]) for A, B in ~ ( a ) ,  B is a major  subset of A if 

(1) B CA,  

(2) A -  B is not a*-finite, and 

(3) for each C in $ ( a ) ,  if A U C = a, then B U C = *a. 
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Leggett and Shore [2], generalizing an earlier result of Lerman [4], showed 

that if the E2-cofinality (s2cf(a)) is not less than the Y~2-projectum (s2p(a)) of a, 

then every a-r.e, non-a-recursive set has a major subset. It can be shown (cf. 

Leggett and Shore [2]) using this and the existence of hyperhypersimple a-r.e. 

sets for s2cf(a) < s2p(a), that for all admissible a, the simple a-r.e, sets do not 

have the same 1-type in the language of lattice theory. Two questions come 

naturally to mind: 

(1) Can the Leggett-Shore result be generalized to all a, and 

(2) What kind of role do major subsets play in the context of automorphisms 

of ~*(~)? 
We show in this paper that the answer to (1) is in the negative. In fact, we show 

that if s2cf(a) < s2p(a), then no A in ~ ( a )  with order type of a - A (ot(fi,)) less 

than ts2p(a), the tame E2-projectum of a, has a major subset. On the other hand, 

Lerman, Shore and Soare recently showed [7, theorem 2.9] that there exist two 

atomless hyperhypersimple to-r.e, sets which are not automorphic with respect 

to ~*(to). Now if a = ~2, for example, every hyperhypersimple a-r.e,  set is 

atomless (this is an easy consequence of Chong-Lerman [1, corollary 4.13]). The 

proof of theorem 2.9 of [7] is done by exhibiting two atomless hyperhypersimple 

oJ-r.e, sets, one with an r-maximal major subset and the other one without. This 

proof obviously cannot be lifted over to ~2 since it follows from our result that 

major subsets do not exist for hyperhypersimple N~-r.e. sets. From this point of 

view, it seems that any two hyperhypersimple t¢~-r.e, sets might well be 

automorphic with respect to g*(tt2). We wish to thank the referee for pointing 

out a number of errors and inaccuracies in the original version of the paper. We 

also express our gratitude to M. Lerman for some very useful suggestions, and 

for discovering a gap in an earlier proof. 

THEOREM. Let K = s 2 c f ( a ) < s 2 p ( a ) .  Let A be a-r.e, such that ot(f i , )< 

ts2p(a). Then A has no major subsets. 

We first state five lemmas whose proofs have appeared elsewhere. From now 

on, let K = s2cf(a) < s2p(a) =< ts2p(a). 

LEMMA 1 (Lerman-Simpson [6, lemma 3.1]). There is a simultaneously a-r.e. 

sequence of pairwise disjoint a-finite sets {H, I rl < K } such that 

(i) 
(ii) V,,<, ( U {H e I s~ < 77} is a-finite). 

LEMMA 2 (Chong-Lerman [1, lemma 2.4]). Let X be an a-r.e, set such that 

o t ( .~ ' )<a*  or ts2p(a). Then X is o~-regular. 
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LEMMA 3 (Lerman-Simpson [6, theorem 3.2]). Let S be an unbounded tame 

E2-subset of a. Let K C K be a-finite such that S is contained in U {H, [ '1 E K}. 

Then there exist a-recursive sets Xo and X~ whose union is O {H, I .1 E K~ such 

that Xo and X1 split S into two parts, each unbounded in a. 

LEMMA 4 (Lerman [3, lemma 2.4]). I f  X is an a -r.e. set of order type at least a *, 

then X contains an a-r.e., non-a-recursive subset C. 

LEMMA 5 (Lerman [3, lemma 2.7]). There is a nondecreasing a-recursive 

function t': a × K --) a such that lim~_~ t'(tr, .1) exists for each .1 < K and is equal 

to t ( *1 ). Furthermore, t: K ~ a is a strictly increasing E2-cofinality function of a. 

Now let B C A  be a- r .e ,  such that A - B is not a *-finite. We will construct an 

a-r .e ,  set C such that C U A = a and C U B J *a. This will imply that B is not a 

major  subset of A. 

Let F = the least x such that ( A -  B ) I x  is not a*-finite. 

If F < a ,  then by Lemma 2, A I F  and hence A IF is a-finite. Let C =  

fi, [ F U { v [ F < = v < a } .  Clearly C U A  = a  and C O ( ( A - B ) I F )  is empty so 

that C U B ~ *a by the choice of F. C is fur thermore a-r .e .  

From now on, assume that F = a. 

Let the sets H ,  and the function t be defined respectively as in Lemmas  1 and 

5. Define [8, 30 = {v I 8 _<- v < 3'}. Let 

/ ( = { ( v , * 1 ) l H  , A A # Q ~  and H , A ( A - B ) A [ t ( v ) , a ) ~ } .  

Then / (  is a Ez-subset of K so that it is a-finite. 

For each v < K, let k0 ,  ) be the least (if exists) .1 such that (v, .1) is in /(. 

Let vo be the least v < K such that k(v )  is not defined. Suppose that Vo exists. 

Then for all .1 < K, if 

H , O ( A - B ) A [ t ( v ) , a ) ~ ; ~  for some ~, => vo, 

then H ,  n .4 = Q). 

Let K '  = {.1 I 3 v  -> vo(H~ n (A - B)  n [t(v), a )  ~ ~Z~}. Again K '  is a-finite. 

Define 

c =  u{H,, J*1  K'}. 

Then C D A and C N H,, = O for all .1 in K ' ,  so that C21 */~. This shows that 

B is not a major  subset of A. 

Now suppose that vo does not exist so that k (v )  is defined for all v < K. Let 

K ={k(v) l  K}. 
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For  each 77 = k (v )  in K, let r~ be the least e lement  of H ,  A ( A - B ) A  

[t(v) ,  a ) .  We  leave it to the reader  to check using F = a that R = {r, I r / E  K} is 

a non-a- recurs ive ,  t ame E2-set. For  77 in K, let K~ be the o rde r  type of 

H ,  A ( A  U {r,}). Let  r, be the p, th-e lement  (in magni tude)  of H ,  n(fi~ U{r,}).  

Clearly then there  exists an s < t s2p(a)  such that s > K, and p, for  all r/ in K. 

LEMMA 6. The following maps are a-finite: 

(a) n ~ K~, 

(b) n " P,. 

PROOf. (a) Define S(rl, z ) if and only if 

3 f :  z ~ H ,  such that f is strictly increasing 

and3~rVr>-_crVx < z ( f ( x ) ~ f i ,  T or f ( x ) = r , ) .  

By the fact that A is a - r egu la r  (by L e m m a  2) and that R is t ame ~2, we see 

that there  exist z ' s  such that S(r/, z).  Also, if S(rl, z )  then S(rl, z ' )  for  all z ' <  z. 

But S is a tame ~2-set bounded  in ts2p(a) ,  hence it is a-f ini te .  Then  r ,  is just the 

least z such that - S(r/, z + 1). 

(b) This t ime define S(r/, z + 1) if and only if 

:l f :  z + 1 ~ H ,  such that f is strictly increasing 

and : io 'Vr  = o'Vx < z ( f ( x )  E fi~" and f ( z )  = r,). 

Now if S( 'q ,z  + 1) then z<=p~, and if S(rl, z + 1) then S ( r / , z ' +  1) for  all 

z '  < z. As in (a), S is a-f ini te .  Then  p, is just the least z such that - S(r/, z + 2). 

We now define by induction an a - recurs ive  function T '  which is an approxi-  

mation of e lements  of H~ n(fi~ U{r,}) at stage tr. 

For  rl in K, let 

the least x _-> max { T ' ( <  o-, 77, y) ,  T'(o', rl, 6)} 
8 < 3 *  

such t h a t x E . 4  ~ n H . , i f y < p 7  < K .  o r p , < y < K ~ ;  

T'(o', ~7, y )  = t h e l e a s t x > - m a x { T ' ( < o ' , r l ,  y),T'(o',~7,6)} 
~; '<  3. 

such that x ~ H ,  O [t'(o', v), o-) - B" ,  

where  k(v)  = r/ and y = p,. 

The  funct ion t '  used above  is as def ined in L e m m a  5. 
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Thus x = T'(o ' ,r / ,y) if at stage tr, x appears to be the ~/th element of 

Hr f3 (A t.J {r,}). Our purpose is to select an a-r.e,  set C containing .A but 

disjoint from R = {rr 1 77 E K}. Now whereas elements of fi, tq Hr are enumer- 

ated in a II1 manner, the relation "x = r r "  is however E2. Thus if T'(o', ~7, 3') = 

the 3'th element of Hr N (.~ O {rr}) (write this as T07, y)), and 3' > Pr, it does not 

necessarily imply that T'(tr, r/, Pr) = rr. Note on the other hand that T'(o', ,/, 8) =< 

T'(z, 77, 3") for o" =< r and ~ = 3'. Furthermore, it can be checked using the tame 

X2-ness of R and the a-regularity of A (hence of .~) that l i m ~ T ' ( t r ,  17, 3')= 

T(r/, 3') exists for each 3' < K~. Thus precautions will have to be taken to ensure 

that the a -r.e. set C to be constructed is disjoint from R. The following steps are 

designed precisely for such purposes. 

For ~ in K, let 

D ~ = { 3 ' l p . < y < K ,  and (:~cr)(T'(tr,~l, 3")= T(rl, pr) and 

(3z)(T'(z,  17,3')= T(~/,3') and T'(z,~l, pr)< T(r/,pr)}. 

Then D~ consists of 3"s which under T' approximate to the wrong value 

T07, Pr) = rr at some stage and which arrive at the right values before p~ does. 

Let 

Dr ={3' IPr <3 '  <Kr  and (:lo')(T'(tr, r/ ,3')= T07, pr) }. 

Clearly D ;  C Dr. 

LEMMA 7. Each D,, hence D ~, is a finite set. 

PROOF. Suppose that {3',},<,~ CDr  is an infinite increasing sequence of 

ordinals. Let trn be the least tr such that T'(tr, r/, 3',) = T(r/, Pr). Then o'. < trm if 

n > m. Then {tr.}.<. is an infinite descending sequence of ordinals, and this is a 

contradiction. 

Next observe that r / ~  D~ and 7 /~  Dr are a-finite maps. This can be seen 

(again) using the tame Xz-ness of R and the a-regularity of A. Each of D~ and 

D~ is a finite subset of Kr defined in a tame E2-manner. Then 1,3 = 

{(r/, 3')1 3' E D;} when ordered lexicographically has order type ot (K)=< K. The 

same is true when D~ is replaced by Dr in 1,3. Since K < ts2p(a), we see that U 

can be viewed as a tame Y.z-set bounded below ts2p(a), and hence a-finite. 

(Note: a tacit use here is made of the fact that ot ( .A)< ts2p(c~).) 

It follows that there is an a-finite map 3~ such that for each p-<card(D~) ,  

~(~, p) is equal to the pth element of D~. The same conclusion also holds if D~ 

is replaced by D,. 
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Now let y be in D~. For each tr, let j(~r, 7/, y)  = the least stage ~" such that 

T'0- , 17, p~) > T'(tr, 7/, y). Let jt°~(tr, 7/, y)  = tr. If jtk~(tr, r/, y) has been defined, let 

J(k+'(o',  7 ,  ,,') = J g ( k ' ( o  ", n,  ~,), 7,  ,,'). 

Then each j(k> is a partial a-recursive function and j(k>(cr, T/, y) is defined except 

when T'(j~k-'~(tr, 7/, y), ,/, y)  > T(~/, p~). 

Since y is in D~, there is a tr such that T'(tr,*l ,y)=T(~l,p~).  Then 

T'(j(tr, 7/, Y), ~/, Y) = T(r/, y). For each k, let ok, if defined, be the least stage tr 

such that 

(*) T'(j'k'(Ot, ~/, y), 7/, y)  = T(~, y). 

By our choice of o'k and y, clearly T'(trk, I'/, y)  < T(*/, p~ ). Notice that if k > m, 

then irk < tr,, (when both are defined). There is then a largest k, denoted k(y) ,  

such that (*) holds. Then if o" < o'kt,~, we have T'(jtk~(tr, r/, y), r/, y)  < T(r/, y)  for 

any k such that jck~(o', 7/, y) is defined. 

LEMMA 8. Let y be in D~. Let k(y)  be as defined above. Then for all tr, 
T'(jtkt*~(tr, r/, y), 7/, y)  ~ T(71, p,) and there is a tr such that 
T'(J°'e'~'( o', "rl, Y), n, Y) = T('O, y). 

PROOF. Suppose that there is a ~r such that 

T'(/'~k~(o -, 7/, y), 7, Y) = T('q, p,,). 

Then T'(j°'~°*1(o', 7/, y), 7/, y) = T('0, y). But this contradicts our choice of k(y).  

On the other hand, we clearly have T'(j~kc~(crk~, r/, y), r/, y ) =  T(r/, y). 

Recall that there is an a-finite map ~ such that .~(r/,p) is the pth  element of 

D~. We leave it to the reader to check that ~(-O,p) ~ k(y(r/ ,p))  is an a-finite 

map. This a-finite map then provides us with an efficient method of picking out 

the $(7/,p)th element of H,  A(A u(r,)), which is actually a member of A~, 

without "touching" r,, according to Lemma 8. 

Having taken care of D,~, let us consider E .  = D,  - D ~. As before, n ~ E~ is 

a-finite. For m - c a r d  (E,),  let e (7/, m) denote the m th element of E,. For 

convenience, let r, = e (7/, 0). Then on E,, the function T' satisfies the following: 

(i) T'(o', T/, e) is defined for e in E , ;  

(ii) For all ~r < ~-, l_<m -< card (E, ), we have 

T'(cr, n, e ('q, 0)) < T'(cr, r / ,e (n ,m))  and T'(o','o,e('o,m))<= T'(r, rl, e('o,m)); 

(iii) lim¢_.T'(o-, 7, e) = T(~, e) exists for each e in E , ;  

(iv) If e is in E~ and T'(~r, ~/, e) = T(n, e), then T'(o', -r/, p,) = T('q, p,,). 
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T h e  following l e m m a  evolved  f rom Chong  and L e r m a n  [1, t h e o r e m  4.7]. 

LEMMA 9. There i sapar t ia la t - recurs i ve func t ion f ' :a×K×to- - -~ tosuch tha t  
(a) f'(or, 7, m )  is defined whenever e (7, m ) is in E ,  ; 

(b) for each m <= card (E~), there is a or such that for all ~" >= or, all n <-_ m, 

f ' (r ,  7, n)  = f'(or, 7, n) ;  

(c) let f (7 ,  rn ) = l im.~,f ' (or ,  7, m ). Then the graph of f is at -finite. 

(d) for any or, if if(or, 7, m ) = f ( 7 ,  m) ,  where rn<-card(E, ) ,  

T'(or, 7, e (7, m )) = x, then x ~ T(7,  p , )  = r~. 

and 

PROOF. Def ine  f '  by stages. Let  f'(or, 7, m )  be  undef ined if m = 0 or  if 

m > c a r d ( E , ) .  Now let 7 be  in K and let l_-<m =<card(E , ) .  C o m p u t e  

T'(or, 7, e (7, m) )  and T'(or, 7, e (7,0)).  Let  To be the least A -< tr such that  

T'(A, 7, e (7, m ) )  = T'(or, 7, e (7, m)) .  If there  does  not exist a s ¢ < ro such that  

T ' ( s  ¢, 7, e (7, m) )  = T'(zo, 7, e (7, 0)), set f'(or, 7, rn ) = 0. Otherwise ,  let ~" be  the 

least ¢ < ~'o such that  T'(~:, 7, e (7, m) )  = T'(~o, 7, e (7, 0)). Let  f'(or, 7, m )  = 

f ' ( s  r, 7, m ) + 1. Finally, if 7 is not in K, let f'(or, 7, m ) be  undef ined for  all m and 

0r. 

O b s e r v e  that  f '  maps  a subset  of a × K x to into to. Also,  f'(or, 7, m ) =  

f ' (z ,  7, m ) if T'(or, 7, e (7, m )) = T'(r, 7, e (7, m )). Since T '  satisfies condi t ion (iii) 

out l ined above,  and since each E ,  is finite, we see that  (a) and (b) are true.  T o  

p rove  (c), no te  that  the graph of f is a E2-subset of K × to x to. Since K C_ K and 

to _--< K, we see that  graph (f)  C K (since K is an a -ca rd ina l  hence  closed under  

pairing). But  K < s2p(a) ,  thus the  graph of f is a E2-set b o u n d e d  be low s2p(a ) ,  

hence  a-f ini te ,  and this p roves  (c). 

T o  p rove  (d), suppose  that  f'(or, n, m )  = f (7 ,  rn ) and let T'(or, 7, e (n, m )) = x 

(it is a s sumed  here  that  1 =< m -< card (E , ) ) .  If  (d) is false, then x = T(7 ,  p~). Let  ~" 

be  the  least ~" such that  T'(~", 7, e (7, m) )  = T(7 ,  e (7, m)) .  Then  ~" > or. By 

condi t ion (iv), T'(~7, 7, P , )  = T(7 ,  Or). But  T'(~', 7, e (7, m )) = T(7,  e (7, m )) and 

so f'(sr, 7, m ) = f ( 7 ,  m) .  Now let s ¢ be  the  least s ¢' such that  ~:'-<or and 

T'(~:', 7, e (7, m )) = T(7 ,  p,  ). Then  f'(or, 7, m ) = f ' (¢,  7, m ) and T'(~', 7, P , )  = 

T(7 ,  p , )  = T'(¢, 7, e (7, m) )  implies that  f'(¢, 7, m )  = f ' (¢,  7, m ) + 1. W e  there-  

fore  get f'(or, 7, m ) ~  f(7, m), cont rary  to the  choice of or. 

The  p roof  of  L e m m a  9 is comple te .  

W e  are now ready to define an a - r . e ,  set C which will show that  B is not  a 

m a j o r  subset  of A. 
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C =  U { H ~ l ~ l ~ K } U { T ' ( o - , r t ,  y ) l t r < a ,  T1EK,  and 3~ZD,} 

U{T'(o',~q,e(rl, m ) ) l o ' < a , l < - - m  <= card(En)  and f '(tr,~?,m) 

= f ( r / ,  m )} 

U {T'(j'k'~'"'e)))(o ", ~7, q (~/, P)), r/, 70 / ,P ) )  [ 

o ' < a  and "~(*/,p) is the p th  element of D~}. 

Clearly C D ,4. Using Lemmas 8 and 9 (d), we see that C n R = 0 ,  so that 

C21 *B. The proof of our Theorem is complete. 

COROLLARY 10. Let s2cf(a) < s2p(a). Let H be a hyperhypersimple a-r.e, set. 

Then H does not have a major subset. 

PROOF. By Chong-Lerman [1, corollary 4.25] (also cf. Lerman [5, theorem 

4.4]), ot ( /~ )<  a*  and / - t  has a final segment of order type less than the tame 

E2-projectum of o~ (ts2p(a)). Now by Lemma 2, H is a-regular.  Let g0 be the 

least ordinal such that [80, a ) N / - t  is of order-type less than ts2p(a). Let 

H ' =  H U g0. Let B in ~ ( a )  be a subset of H such that H -  B is not a*-finite. 

Then B C H '  and H ' - B  is not a*-finite. By Theorem, there is a C in ~ ( a )  

which is a counterexample to B being a major subset of H'. Now if go = 0, then 

H = H '  and so B is not a major subset of H. If g0 > 0, then h I80 is a-finite since 

H is a-regular.  Let K be H ' - H  which is just ( H ' - H ) I ~ 0 .  Let C'=  C U K. 

Then we see that C' is a set showing that B is not a major subset of H. 

COROLLARY I1. Let s2c f ( a )<  s2p(a). I r A  in ~ (a ) is a-regular, and .4  has a 

final segment of order type less than ts2p(a), then A has no major subsets. 

PROOF. Observe that in the proof of Corollary 10, the fact thai /~ was of 

order type < a*  was used only to obtain the a-regulari ty of H. 
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